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Objectives

* To implement a fractional derivative model
code in structural dynamics

into a finite element

re

elastic face
Sandwich beam viscoelastic co
elastic face

* To test a finite difference based on scheme to approximate
fractional derivative operators in viscoelastic constitutive
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* Constitutive equations — fractional Zener model
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|. Implementation of the fractional Zener

model into a FE code — application to
sandwich beams
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Fractional derivative viscoelastic model
One-dimensional constitutive equation

= Fractional derivative Zener Model (4 parameters)

R.L. Bagley and P.J. Torvik, AIAA (1983)

F,+ Eo(iwT)®
In frequency domain F*(w) = (iwr)

1+ (iwT)™ D<a<l
EFo > E,
In time domain O'(t) + TaDaO'(t) — EOE(t) + T&EOODQE(t) T>0
T S Y .0
with D% (t) = T _&)5/0 (t—s)ads
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|ldentified model parameters:
E, =1.5MPa, E,, = 69.9 MPa, o = 0.7915, 7 = 1.4052 x 10~? ms
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Grunwald approximation & time discretization

o(t)+ 7D%(t) = E,e(t) + 7% EDe(t)

L : L J. Pad Comp. Mech. (1987
Approximation for fractional derivatives adovan, Comp. Mech. (1957)

A. Schmidt and L. Gaul, Proc. 2nd ECCMR (2001)

N
1 ['(j — )
(Z)O‘f)n% Airi fri . A J

Variable changing |::> Only one fractional derivative term

Discretizing...

1 EOO

Eoo — E al - ith c=
gntl _ (1 _ C)M€?+1 _ CZAj+1§?+1—J wi ~ T Ato
j=1
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Finite element formulation

The structure consists on a three-layer beam
= constrained layer damping treatment

membrane
g bending
membrane
bending
shear

cerdp membrane
bending
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Sandwich-beam kinematics

Mead and Markus, JSV (1969), Trindade, Benjeddou and Ohayon, IJNME (2001)

ZA
deformed
w 5 geometry
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undeformed / w
geometry 7 y
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Constrained layer damping treatment

* | aminated elastic faces: Euler-Bernoulli beam
* \iscoelastic core: Timoshenko beam
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Viscoelastic core

/ BEU?“dQ = (K + Ki)qvezﬂ - Ffzﬂ

/

modified stiffness matrix modified Ioading

K. =c———K; ot = ZAJHQ?H /
0]

“Anelastic displacements” are evaluated as functions of their own time histories

_ /e — _
qZ_H (1 B C) 00 n—l—l . CZAJ—I-qu_H J

Ew\,

Elementary dof vector q° = [U1 wi w| |ty wy w) ﬁg]T
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Equation of motion

M.q" + (K, + K. )q" ! = Frt 4 Fod

+ initial conditions

Remarks

O For an elastic material (1 = 0), classical elastic stiffness matrix

is obtained _
K/ =c

O Forthe Zener model (a = 1), previous equations correspond to

a backward Euler discretization of the constitutive equations

T
C —=
T + At
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Dynamic time integration
M(“ln—H + K*qfrﬁ—l — Fn—H + Fn+1

evaluated
once K = II< + K. Newmark scheme
Mtni1 =ty + At p=1/4 v=1/2
|
qﬁ:ﬁi = qp + Atqn + (0'5 o ﬁ)AtQQ"
qﬁf? = q, + (1 -7v)Atq,
I
= E Nt
F,1 = —ci=K. '21 Aj1Qni1—j
J:

|
dn+1 = qﬁff + BAE 1
. pred ..
a1+ YAt
|
Rn+1 - Fn+]. + Fn+1 - K*qZTtli

|
(M + 6A7L2K*)qn+1 - Rn+1

qn+1

storage of “anelastic

N )
~ E. — F _ displacements”
Apg1 = (1 —¢) OOE 0q7i+1 - CZAj+1qz+1—j P

o0 j:]_
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Validation — Example 1

Viscoelastic fixed-free bar subjected to unit step load
M. Enelund et B.L. Josefson, AIAA Journal (1997)
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= 0.5 § H Classical algorithm
z ' ) Taylor et al., IINME (1970)
_ — =099
e IS Fractional derivatives model
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Adimensional time
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Validation — Example 2

Viscoelastic simply-supported Timoshenko beam subjected
to a uniform step function load

T.M. Chen, IUINME (1995)

Transverse displacement (mm)

0 5 10 15 20
Time (s)
Validation fora = 1

good agreement with the “hybrid Laplace transform/FE method”
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Results

Sandwich beam subjected to a triangular pulse

elastic faces

AN
NN\

A

X

A\

length = 280 mm
width = 25 mm
thickness:

e core = 0.2 mm
e skin = 1.5 mm

F(N) 4

t)

| . .
f\ viscoelastic core

load
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Results

Influence of the time step and truncation

0.8 :
— At=1.00ms
06 — At=0.50ms |
— At=0.25ms
g
Calculations performed g
with whole history 5
<
5
S
(o
£
0% 50 100 150 200

Time (ms)
Remark: Energy balance is strictly zero.
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error (%)

Results

Influence of the time step and truncation

—— At=1.00 ms
—— At=0.50 ms
—— At=0.25ms
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number of terms in Grunwald expansion

D,.; Very accurate solution with
a fine time discretization:

Nyep = 2500 N, = 2500
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S

Existence of a truncation time where
the recent history must be stored.
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ll. Testing the G* scheme
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How to obtain a fractional derivative operator

Euler backward operator Gear operator

Griinwald-Letnikov operator G“ operator
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The G% scheme

The a-derivative of w at time t" can be

approximated by:

N Q;#i (f ) :E::”f+¢1* -

j=0

( ;L’l‘_u)'?l

First five coefficients g;41

a=1/3 a=1/2 a=3/4
1 1 1
4 2 _
9 3 !
7 1
81 18 12
104 1 1
2187 97 108
643 17 1
19683 648 96
4348 19 7
177147 97 864
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Elementary tests

Consider the following power function

We search to calculate its a-derivative by using an exact solution and an

approximated one with the G™-scheme, such that:

Approximated solution

Exact solution
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Hate of convergence

Hate of convergence

. . (0.0)
Error estimatesinL norm

a-=1/3 o =112 a=3/4

GL@E”,E Power G GL G™ GL > GL

P
o
T
1
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o
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o
T
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The damped oscillator problem

The problem is given such that

ma + Duw+ku=Ff, t>0
w(0) = 4(0) = 0

k

_W m
4.—#(:)
: Lu(r)

cT
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Algorithm

We search «™1! such that

™™+ (k + w)u™ Tt = o ot

oT ¥ .3 ¥ - cT ¥ .3 a N ok
where k= hl and AT = — = E T,
At (2) - At \ 2 ;;—19 i

Then we use the average acceleration algorithm:

At? At
i Up — g T —+ T'U.n'

=

@ Prediction 1w, = u™ + Atua™ +

; . 1 :
o Evaluation i"t! = — [_fﬂH 4 P (R kYa s

-

; NE . e
e Correction w"t! =, + Tu”“ Wt = ap + —ant!

!

e Calculation of 4"
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Results
a=1/3, c=1

1 T T G T T T T
[}_8_ / ‘ R 4
. ; ' -5
5 06F o 4 E
£ =
3 ]
z = = | | |
& 0.4r : : S i i , i
0.2} ----------i----—-Exact-{GathiD-et-a-l_-;-EGDE}- : ;
; o : == GL-Newmark :
P =GT-Newmark .0t g
-~ -GL-Newmark gL G hlewmark ; 5
% 5 10 15 4 5 6 7 2 9
Time LugE{Number of meshes)

The rate of convergence computed with the L> norm is:

1.00 when using the GL-scheme
1.99 when using the G*-scheme
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Displacement

Results

! I G T T T
0.8f e ] -
S
0.6 1 ch
[=)]
Q
-
0.4F 1 -10¢-
—Exact {Gahiiﬂilj et al., 2005)
[}_2 - ....E..............{.x.................E..............................._ +G|_—Newmark :
: ===G "-Newmark -0 ;
. ===GL-Newmark i G —I‘i-.lewmark ; ;
G 1 1 —
0 5 10 15 4 5 6 7
Time Lugz(l\lumber of meshes)

The rate of convergence computed with the L> norm is:

(.99 when using the GL-scheme
1.90 when using the G“-scheme
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e

Results
a=1/2,c=1,0.5,1.5

—
o

Displacement
o 2

=
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=

=

: 0
3 =
: L
; ~
6}~ ' &
: -
c=05
. e T
i —c=15
10 1 Log, (Number of meshes
e ngz{ umber of meshes)

The rate of convergence is almost constant:
for c = 0.5 forc=1.0 1.93 fore=1.5
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Extension to viscoelastic beams
Constitutive equations

Bagley & Torvik, 1984 G(1) < —> (1)

The 1D fractional Zener model is given by:

o(t) + D% (t) = Eoe(t) + Eoem™ D (1)

: : : : o
Introducing the strain-type internal variable =, == — o
o0

We obtain only one fractional derivative operator:

co(t) + 70D (1) = £(t)
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Viscoelastic cantilever beam

20

P

We search to solve the problem

qu—l—l 14 (K 4+ K:)qn—l—l _ Fn—l—l 4+ (I)n—l—l

q' =4 =0
where I =r¢ Foo — EDK and & = _¢ EmKZN: ntl—k
— Cq EO = x Eo k_lgk-l-lqo:
: T
with ¢, = AL
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Algorithm

We search «"1! such that

Méin—l_l L (K il }C)(1n+1 = Fn—l—l 4 ‘1.,;-1—1—1

q°=4"=0

Then we use the average acceleration algorithm, which requires the calculation:

£ N

n+1 /o0 L=k

o "' = —ca——K) grt1qa
Eo k=1

N
n41 ) E:x: % EG n+1 ) n+l—k
@ o = (1—ca) 5 q  —ca E Jk+19a
X0
k=1
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Results

Finite element implementation of a viscoelastic beam submitted to a mechanical load

/ ) 4 ! 005 !
I I][]q__ ................................
I][]B_ .............................
E - 002+
S =
a=0.5 : E Yo 1T S N
F(N)4 g =
Ea — 1 MPa ,ﬁ_ 3 ol
0.01} - . S L 2 ol WU
| | E. = 50 MPa =) —001 |
i : 1_ .................................. . _[“:]2_ ________________ \}
| ! 7T=1ms : :
ﬁiI] 1000 =t|[ms]| ét B 2 e Ii5}| ol AmemesaEosaesy """"""""" n o3k J .............
% 500 oo % 2
Time (ms) Tip displacement ()

CNAM Paris — 17th November, 2006



Quelques références

|

1. A.C. GALUCIO, J.-F. DEU AND R. OHAYON. Finite element formulation of viscoelastic sandwich beams using
fractional derivative operators. Computational Mechanics, 33:282-291, 2004.

2. A.C. GALUCIO, J.-F. DEU AND R. OHAYON. Atténuation des vibrations de structures par traitement
piézoélectrique/viscoélastique en utilisant un mode’le a’ de’rive’es fractionnaires. Revue Europeénne des
Eléments Finis, 13/5-6-7:509-521, 2004.

3. A.C. GALUCIO, J.-F. DEU AND R. OHAYON. A fractional derivative viscoelastic model for hybrid active/passive
damping treatments in time domain — Application to sandwich beams. Journal of Intelligent Material Systems and
Structures, 16:33—-45, 2005.

|

4. A.C. GALUCIO, J.-F. DEU , S. MENGUE AND F. DUBOIS. An adaptation of the Gear scheme for fractional
derivatives. Computer Methods in Applied Mechanics and Engineering, 195:6073-6085, 2006.

5. J.-F. DEU, A.C. GALUCIO, R. OHAYON. Dynamic responses of flexible-link mechanisms with passive/active
damping treatment, Accepted for publication on the Special Issue of the International Journal of Computer and
Structures, dedicated to the I ECCOMAS Thematic Conference on Smart Structures and Materials, 18-21 July,
2005, Lisbon.

6. A.C. GALUCIO, J.-F. DEU , R. OHAYON. Hybrid active-passive damping treatment of sandwich beams in
nonlinear dynamics, Journal of Vibration and Control, Accepted for publication.

|

7. A.C. GALUCIO. Atténuation des réponses transitoires par traitement hybride piézoélectrique/viscoélastique en
utilisant un modéle a dérivées fractionnaires (in French), PhD thesis, CNAM Paris, 2004.

CNAM Paris — 17th November, 2006

32



Conclusions and Perspectives

v Sandwich beam with viscoelastic core and elastic faces
v FE implementation of a viscoelastic fractional derivative model

v The G® scheme is ho more costly than the Griinwald-Letnikov one
and it appears to be (a+2)-order accurate for power functions

v The combination Newmark- G® yields a two-order accuracy for the
damped oscillator problem

Coming work: to investigate the order of convergence

obtained by using the G® scheme In
the case of sandwich beams
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